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Abstract

This study presents a reinterpretation of the Navier—Stokes existence and smoothness
problem within the framework of Time-Independent Phase Dynamics.

COD defines every stable physical entity as a Complex Quaternionic Spherical Oscillator
emerging through the recursive self-organization of the complex wave

Y(r)=A(r)e" {iD(r)}.

Each individual oscillator possesses the complex dual-energy structure
S=P+iQ,

which satisfies the fundamental condition of Complex Phase Equilibrium,
IPI=IQI.

When extended to multiple coupled oscillators, the entire system evolves according to the
Universal Hamiltonian variational principle,

A[ZK;(D—D;)*]=0,

while global synchronization is established through

YiKisin(D—d;)=0.

Simultaneously, the system preserves the Multiplicative-Invariant relation,

1Qil- 1Pl
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IPJ-10],

which represents the geometric conservation law of Complex Phase Equilibrium and the
recursive self-consistency of dual energy.

Within this framework, a fluid is interpreted not as a continuous mass evolving in time, but as
a self-organizing network of Complex Quaternionic Spherical Oscillators coupled through
recursive phase equilibrium.

Consequently, turbulence, vortical structures, existence, and smoothness are reformulated as
problems of bounded phase curvature and recursive phase self-consistency, whose general
solution is expressed by

AAD)—0.

Rather than replacing the classical Navier—Stokes equations, this work proposes a time-
independent phase-geometrical interpretation in which existence and smoothness emerge
naturally from Complex Phase Equilibrium and Multiplicative Invariance.

1. Introduction

The Navier—Stokes equations provide the fundamental mathematical description of viscous
fluid motion. Nevertheless, the three-dimensional existence and smoothness problem remains
one of the most significant unsolved problems in modern mathematics.

Conventional fluid mechanics interprets fluids as continuous masses evolving along a
temporal axis, and the existence and smoothness problem is formulated as the long-term
behavior of time-dependent velocity fields.

The present work proposes a fundamentally different perspective.

Within COD, every stable physical entity is defined as a Complex Quaternionic Spherical
Oscillator generated through the recursive self-organization of complex waves.

The self-consistent structure of an individual oscillator is identical to the ontological structure
proposed for the Yang—Mills Mass Gap. Fluid systems are therefore interpreted as networks
of multiple coupled oscillators rather than collections of continuously moving particles.

Accordingly, Yang—Mills theory and Navier—Stokes fluid dynamics share the same
ontological foundation. The distinction lies not in the underlying physics, but in scale: Yang—
Mills describes the self-consistency of a single oscillator, whereas Navier—Stokes describes
the collective self-organization of multiple coupled oscillators.
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From this viewpoint, fluid motion is interpreted not as temporal mass transport, but as the
recursive restoration of phase equilibrium throughout a global phase field.

To describe this process, the present work adopts the Universal Hamiltonian variational
principle,

A[ZK(Di—D;)*]=0,

the phase synchronization equation,

2 Kisin(®@—d;)=0,

and the Multiplicative-Invariant relation,
1Qil-1P;

E)i"'”Qj",

which emerges naturally from Complex Phase Equilibrium as the universal law of geometric
self-consistency.

Within this framework, the Navier—Stokes problem is reformulated. Rather than asking
whether a velocity field remains smooth for all time, the essential question becomes:

Can the phase curvature of a network of Complex Quaternionic Spherical Oscillators
remain bounded while preserving recursive global phase equilibrium?

This reinterpretation establishes the Navier—Stokes existence and smoothness problem as a
problem of Time-Independent Phase Geometry, providing a common theoretical

foundation shared with the Yang—Mills Mass Gap, the Riemann Hypothesis, and the broader
framework of The General Solution.

2. Ontology: Self-Consistent Structure of
the Complex Quaternionic Spherical
Oscillator

Within the COD framework, every stable physical entity is defined as a Complex
Quaternionic Spherical Oscillator emerging through the recursive self-organization of
complex waves.

The fundamental state function is

F(O)=Ar)e™ {i0(r)},
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and the corresponding phase-velocity field is defined by
v=xkVO.

Space is represented as a Complex Quaternionic Phase Field consisting of a global phase
component and local quaternionic phase components,

P(Q)=P+Qui+Q2j+Q:sk.

Here, P denotes the global phase field, while Q = (Q1,Q2,Qs) represents the local
quaternionic phase components.

The fundamental dual-energy structure is

S=P+iQ.

A stable physical entity satisfies the condition of Complex Phase Equilibrium,

IPI=IQI,

which represents the geometric self-consistency between the local and global phase fields.

The ontological hierarchy of COD is expressed as

Qo C P C P(Q),
where

Qo =I(P(Q))

denotes the integrated phase center emerging through recursive phase closure within the
global phase field rather than being prescribed a priori.

Phase gradients generate phase energy according to
E_Q o« [VQP,

while recursive phase condensation gives rise to mass,
m=[|VQP dV.

Accordingly, stable particles, fluid structures, and larger physical systems are interpreted as
eigenmodes arising from the same recursive phase-condensation geometry.

The ontological structure developed here is identical to that proposed for the Yang—Mills
Mass Gap, where a single Complex Quaternionic Spherical Oscillator constitutes the

4
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fundamental unit of existence. In the present work, the same ontology is extended to a
network of multiple coupled oscillators, providing the basis for a time-independent
interpretation of Navier—Stokes fluid dynamics.

3. Recursive Phase-Curvature Dynamics
and the COD General Solution

The previous section established the ontological structure of a stable physical entity. The
present section addresses the internal dynamics through which this ontology continuously
preserves phase equilibrium.

Within the COD framework, the imaginary quaternionic components describe the spatial
distribution of phase curvature and are represented by

Q™ = V(AD).

Accordingly, the quaternion norm

or

1_)2+Q12+Q22+Q32

provides a direct geometric measure of the total phase-curvature energy.

If

|Q[?<e0,

then

V(AD)P<on,

indicating that local phase curvature remains bounded and cannot diverge independently.

The coupled oscillator network continuously evolves according to the Universal Hamiltonian
variational principle,

A[ZK;(D—D;y)*]=0,
which minimizes the total phase-stress energy of the system.

Collective synchronization is simultaneously maintained through

5
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ZjKijsin((I)j—(Di)=0,
ensuring recursive restoration of global phase equilibrium.

When Complex Phase Equilibrium is satistfied simultaneously by both the local and global
phase fields, the relation

1Qil-1Pjl

ﬁ)i" 195l

naturally emerges.

The present study identifies this relation as Multiplicative Invariance.

Rather than introducing an independent conservation law, Multiplicative Invariance is
interpreted as the geometrical consequence of Complex Phase Equilibrium, expressing the

recursive self-consistency of the dual-energy structure throughout the coupled phase network.

Consequently, phase synchronization and Multiplicative Invariance are understood as
complementary manifestations of the same self-organizing process.

As recursive self-consistency proceeds, the residual phase curvature continuously decreases
toward

A(AD)—0.

The present study identifies this limiting condition as the COD General Solution.
Accordingly, a network of multiple Complex Quaternionic Spherical Oscillators continuously
restores global phase equilibrium while preserving bounded phase curvature. Within this

framework, existence and smoothness are interpreted not as independent analytical
assumptions but as natural geometrical consequences of recursive phase self-organization.

4. Internal Dynamics and Multiplicative
Invariance

Within Time-Independent Phase Dynamics, individual oscillators do not exist as isolated
entities. Every Complex Quaternionic Spherical Oscillator continuously exchanges phase
information with neighboring oscillators, recursively evolving toward a globally self-
consistent phase equilibrium.

This collective synchronization is described by the phase-matching condition

6
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For all coupled oscillators i,j,
Zj Kij sin((I)j - (Di) =0.

This equation indicates that the phase of each oscillator is not determined independently, but
is continuously adjusted to preserve the self-consistency of the entire coupled system.

Each oscillator possesses the complex dual-energy structure
S =P +iQ,

and every stable physical entity satisfies the fundamental condition of Complex Phase
Equilibrium,

IPI=1QI.

When the same equilibrium condition is simultaneously satisfied by both the global and local
phase fields, the following relation naturally emerges:

1Qil - IPjl

IPil - 1Qjl.

The present study identifies this relation as Multiplicative Invariance.

Multiplicative Invariance is not introduced as an independent axiom or an additional
conservation law. Rather, it is the natural geometrical consequence of Complex Phase
Equilibrium, representing the recursive self-consistency of the dual-energy structure across

coupled oscillators.

Accordingly, the internal dynamics of a multiple-oscillator system are governed
simultaneously by two complementary principles.

First, phase synchronization,

% Kjj sin(®@; — @;) =0,

drives the entire system toward global phase equilibrium.
Second, Multiplicative Invariance,

1Qil - 1Pjl

ﬁ)i" 191,

preserves the geometric self-consistency and dual-energy conservation of the coupled phase
structure.
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These two principles arise naturally from the Universal Hamiltonian variational principle,
AL Z K (@i — @y* ] =0,
under which the system continuously minimizes its total phase-stress energy.

Consequently, the recursive evolution of the coupled oscillator network converges toward the
general solution

AAD) — 0.

Within the present framework, minimum action and energy conservation are therefore not
regarded as independent physical principles. They are interpreted as complementary
geometrical manifestations of the same self-organizing process governed by Complex Phase
Equilibrium and Multiplicative Invariance.

5. Existence and Smoothness: Self-
Consistency of Phase Curvature

The classical Navier—Stokes existence and smoothness problem has traditionally been
formulated as a question concerning the long-term behavior of time-dependent velocity and
pressure fields.

Within the framework of Time-Independent Phase Dynamics, however, a fluid is
interpreted not as a continuously moving mass but as a self-organizing network of Complex
Quaternionic Spherical Oscillators coupled through recursive phase equilibrium.

Accordingly, the existence and smoothness problem is reformulated. Rather than asking
whether a velocity field remains regular for all time, the essential question becomes whether
the self-consistency of the global phase field can be preserved throughout the coupled
oscillator network.

Each oscillator evolves according to the Universal Hamiltonian variational principle,

A[Z K (@i — Dy* ] =0,

which minimizes the total phase-stress energy of the system.

Collective phase synchronization is established through

Zj Kij sin((I)j - (Di) =0,

while the recursive self-consistency of the coupled phase structure is preserved by the
Multiplicative-Invariant relation,

8
© 2026 InnoLab Science Institute (ISI) CC BY-NC 4.0 https://udynamics.net/en/



232
233
234

235
236

237
238
239

240

241

242
243
244

245
246
247
248

249
250

251

252
253
254

255
256
257
258
259

260
261
262
263
264

265
266

101 - 1P|
IPd - 19).

Together, these principles continuously restore global phase equilibrium, even when local
phase distortions arise.

Consequently, phase curvature may vary locally, but the recursive organization of the
coupled oscillator network prevents unbounded divergence by continuously driving the
system toward self-consistent equilibrium.

The resulting general solution is expressed as
A(AD) — 0.

Within the present framework, bounded phase curvature and smoothness are therefore
interpreted not as independent mathematical assumptions, but as natural geometrical
consequences of Complex Phase Equilibrium and Multiplicative Invariance.

Accordingly, the Navier—Stokes existence and smoothness problem is reformulated from a
question concerning the temporal regularity of solutions into a problem of whether a network
of coupled Complex Quaternionic Spherical Oscillators can continuously preserve global
phase equilibrium through recursive self-organization.

6. Discussion

The present study reinterprets the Navier—Stokes existence and smoothness problem not as a
problem of time-dependent fluid motion, but as the Time-Independent Phase Dynamics of
a network of multiple Complex Quaternionic Spherical Oscillators.

Within this framework, a fluid is no longer regarded as a continuously moving mass, but as a
self-organizing network of coupled oscillators maintaining Complex Phase Equilibrium
through recursive phase synchronization. Accordingly, existence and smoothness are
interpreted as the geometric self-consistency of bounded phase curvature rather than as
independent analytical properties of a velocity field.

This ontological framework is fundamentally identical to that proposed for the Yang—Mills
Mass Gap. In the Yang—Mills problem, a single Complex Quaternionic Spherical
Oscillator achieves self-consistency and forms a stable mass structure. In the Navier—Stokes
problem, multiple oscillators interact collectively to establish a globally self-consistent phase-
equilibrium network.

The distinction between the two problems therefore lies not in their underlying physical
principles, but in their spatial scale. Yang—Mills describes the self-consistency of an
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individual oscillator, whereas Navier—Stokes describes the collective self-organization of
multiple coupled oscillators.

From this perspective, Time-Independent Phase Dynamics provides a common theoretical
foundation connecting individual and collective dynamics, microscopic and macroscopic
systems, and particle-based and continuum descriptions within a single framework of
Complex Phase Geometry.

The conceptual hierarchy may be summarized as

Complex Wave

l

Complex Phase Equilibrium

l

Multiplicative Invariance
!
Complex Quaternionic
Spherical Oscillator
l
Single Oscillator
(Yang—Mills Mass Gap)
!
Multiple Coupled Oscillators
(Navier—Stokes)
l

The General Solution

Within this hierarchy, the Complex Wave constitutes the most fundamental representation of
physical existence, while Complex Phase Equilibrium provides the universal condition for
stable self-organization. Multiplicative Invariance emerges as the universal geometric
conservation principle governing recursive self-consistency across both local and global
phase fields.

Consequently, the Yang—Mills Mass Gap and the Navier—Stokes existence and smoothness
problem are interpreted as two complementary manifestations of the same ontological and
dynamical framework. Rather than representing isolated mathematical problems, they
become different expressions of The General Solution within Time-Independent Phase
Dynamics.

7. Conclusion

The present study reinterprets the Navier—Stokes existence and smoothness problem not as a
problem of time-dependent fluid motion, but as the Time-Independent Phase Dynamics of
a network of multiple Complex Quaternionic Spherical Oscillators.
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Within the COD framework, every stable physical entity is defined as a Complex
Quaternionic Spherical Oscillator emerging through the recursive self-organization of the
complex wave

Y(r)=A(r)e" {iD(r)}.

A fluid is therefore understood not as a continuously moving mass, but as a self-organizing
network of coupled oscillators maintaining Complex Phase Equilibrium.

The present work adopts the Universal Hamiltonian variational principle,
A[ZK(Di—D;)*]=0,

the phase synchronization equation,

Y2 iKisin(D—®d;)=0,

and the Multiplicative-Invariant relation,

1Qil-1P;

E)i"'”Qj",

which emerges naturally from Complex Phase Equilibrium, as the common internal
dynamics governing multiple coupled oscillators.

Within this framework, existence and smoothness are interpreted not as independent
analytical assumptions, but as geometrical consequences of recursive self-organization
preserving bounded phase curvature throughout the coupled phase network.

Accordingly,
A(AD)—0

is interpreted as the general solution describing the Time-Independent Phase Equilibrium
achieved by a network of multiple Complex Quaternionic Spherical Oscillators.

The objective of this work is not to replace the classical Navier—Stokes equations. Rather, it
is to reinterpret the existence and smoothness problem within a common geometrical
framework founded upon Time-Independent Phase Dynamics, thereby clarifying its
underlying ontological structure.

This ontological framework is fundamentally identical to that proposed for the Yang—Mills
Mass Gap. Whereas Yang—Mills describes the self-consistent organization of a single
Complex Quaternionic Spherical Oscillator, the Navier—Stokes system describes the
collective self-organization of multiple coupled oscillators.
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Accordingly, the two problems are interpreted not as independent physical theories, but as
different spatial-scale manifestations of the same underlying Time-Independent Phase
Dynamics.

From this perspective, the Navier—Stokes existence and smoothness problem is understood as
one mathematical realization of The General Solution, while Time-Independent Phase
Dynamics provides a common theoretical foundation from which the Yang—Mills Mass Gap,
the Navier—Stokes equations, the Riemann Hypothesis, and the COD Standard Model for
Phase Engineering may be investigated within a unified geometric framework.

Rather than treating these problems as isolated mathematical challenges, the present
work proposes that they may be understood as complementary manifestations of a
single geometrical principle founded upon Time-Independent Phase Dynamics.
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